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The mixed dynamic problem of the effect of two strip-like stamps on an 
orthotropic layer under plane strain conditions is considered. The stamps are 
assumed to adhere to the layer in the contact domain. The boundary value 

problem is reduced to a system of integral eq&tions of the first kind, which 
is regularized by the factorization method from the side of the wide stamps. 

To solve the problem from the side of the narrow stamps, methods of singu - 
lar integral equations of the “method of large h ” - type are used [l, 21 , 
but in contrast to this method an approximate representation is proposed for 
the kernels which converges in the whole plane, this permits conjugation of 
the solutions obtained. Formulas describing the contact stresses under the 

stamps are obtained, and the nature of the stress singularity at the edge of 
the stamps is clarified. A numerical analysis is given of certain characte - 
ristics needed for construction of the solution. 

1, Let us introduce a natural Oxyz coordinate system, generated by the ortho - 
tropy of the layer, considering the z - axis perpendicular to its middle plane, and the 

axis of the stamps to form an angle cp with the y - axis, and a new Ox’y’z’ coordinate 
system by means of the relationships 

r’ + iy’ = (Z + iy) elq, 2’ = 2 

The problem posed is described in the Ox’y’z’ system by the Cauchy equations 

of motion and governing equations of the form [3] 

Where CQ’ = cij’ (Ctjr cp), and e,,‘, es,‘, er3’ and orI’, us3’, o13 are, respectively, 
the strain and stress tensors in the Ox’y’z’ system. The boundary conditions of the prob- 

lem have the form 

2’ = f h, os3’ = or3’ = 0, I x’ I > a 
24’ = fl* (2’) ediot, w’ = fif (5’) eWiot, 1 5’ 1 < a 

Here u’, w’ are components of the displacement vector in the new coordinate system, 

fif co i = 1, 2 characterizes the stamp shape ,o and 2a are the vibrations frequen- 

cy and width of the stamps, and 2h is the layer thickness. Imposition of the radiation 

conditions, in whose derivation the limiting absorption principle is used [4], closes the 

formulation of the problem. 
Let us study the steady-state vibrations regime and let us represent the displacement 

vector components in the form 
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746 A. 0. Vatul ian 

24’ (Z’, z’, t) = 240 (x’, 2’) e’-iof, w* (x’, z’, t) = w. (x‘, 2’) eeiof 

We separate the problem formulated into symmetric A and antisymmetric B in 
the coordinate 2’. Later omitting the primes on the z’, z’, Cil’r et;, a*j’and applying 
a Fourier transform in x, we reduce each of the problems A, B to a system of integral 

equations in the contact stresses of the following kind: 

a 

f k(ta--)q(E)dE = 2nf(x), I~I@ (1.1) 
-a 

After introduction of the dimensionless parameters 

3Ls I= Pwa&s-l, Yl = c&is-1, Ys = cssc*gI, ys =c~,csa-’ 

Y4 = Ysa + YZYS - Yl, ah = u 

the elements of the matrix K(a) have the following form in case 3 

where ~1 and ps are roots of the equation in the braces which satisfy the conditions 
mentioned. 

The elements Aif (U) for the problem A are obtained from the formulas presen- 
ted by replacing sinhpk by cash pk , and conversely. 

The disposition of the contour u in (1.1) governs the nature of the radiation at 

infinity, and involvement of an electronic computer is required to find it. 

Curves of the zeros of det A (u) of problem B are represented in Fig, 1, where 
curves of the poles Aij (u) are noted for the following values of the parameters by 

dashed Lines E33: cxl = 11.66, c,, = 
cm2), Q, = 0. 

3,28, csB = 11.04, cbs = 3.606 (~@xWw' 

Taking account of the shape of these cufves , we can arrange the selection of the 

contour o, which bypasses the positive poles from below, as a rule. and the negative 
poles from above. The elements A ij (u) satisfy all the conditions [5] except the 
asymptotic representation which in this case has the form 
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Aii (U) = Ci 1 U I” (1 + 0 ( 1 U 1 -I-)) ti = I9 2, 
A,, (u) = Bu-1 (1 + 0 ( 1 u j-l)), I u I -+ 60 

c, - dD-1, G = If< Cl, B = (i/r, - ~a) D-l 
d = hl - Y2) ya-l + 2 (V/;3T - YSV’” 
D = CYS + rd (Yl - Ys7 

Fig.1 

To solve the system (1.1) from the side of the wide stamps, we apply the method 

of regularization based on factorization of the matrix functions [Sj and resulting in the 
solution of a finite algebraic system whose order is determined to the accuracy given for 
the approximation of the integral operator 

X (zj) = m$l B$) fN.,.-l (- zm) Y (2,) e--iaz~ f Ff - z,)] 

Y (Zj) = il B$) [M--l (z,,J X (z,) eDiazm -j- F (z&], i- i,&...,N 

A(u) = N;l (IL) N_(u) = MS' (u) M+(u) 
A (u) = det A(u) = A+(u) A_(u) 

(X.3) 

Here F (u) is the Fourier transform of the right side in (1.1)) z, (m= 1, 2 ,, . , , N) 
are the zeroes of A (a) below the contour cr, and the factorization of the function 

A (u) and the matrix- unction A (u) is performed with respect to the contour cr. 
Using the solution (1.3), approximate formulas for the contact stresses under the 

stamps 

8q (z) = & \ A-’ (u’f F (u) e+‘%u + 
0 

(1.4) 



748 A. 0. Vatul’ian 

can be obtained with an error 0 (exp (-2ba)), b > 0 , where the integral in the right 
side characterizes the degenerate component, and the sum is the influence of the stamp 

edges. 
Therefore, realization of the factorization of the matrix A (u), which does not 

degenerate into a functionally commutative matrix in this case, is necessary for the 

construction of (1.4). A method to realize the approximate factorization of such mat- 

rices is proposed below. 
Let us approximate the function (1.2) for fixed x as follows : 

Ajj* (u) = CjRj (u)(u” + b2)-“1 (i = 1,2), Ala* (u) = Bu-‘R, (u) (1.5) 

Y 
Rj (u) = JJ (u” - ~jt) ti (u” - ajk2) fJ (u2 - &“)-l(u” + A’)*Psj(u) 

Z=l k=l i=l 

I 

1, TZj=m 

Sj(U) = rn-ni 
J-J (U2+djt), m>nj’ r=071’2 
1=1 

Here zjz and & (j = 0, 1, 2) are the positive zeroes and poles of A12, AlI, A,, , 
respectively ; ail, A, djl, b are the approximation parameters, where the first two 

are associated with the application of Bernshtein polynomials and p is the degree of 

the polynomials. 

Moreover, introducing the matrix 

we apply the process, described in [5], of approximate factorization of a matrix of 
special form to it by setting C ti v/c,C,. Let us present the numerical results of 

constructing a right-sided factorization of the matrix A (u) for the problem B rela - 
tive to the contour o for x ti 1.0, b = 10 with not more than 1Fj’o error 

A(u) = M-l(u) M+(u) 

MY (u) = AZ’R_ (u) G_ (u) P_(u) Q_(u), M, (u) = 

p, (4 G+ (u> R, 04 A32, (u) 

R,(u) = + R’(u) /I iR6 (4 /I R6 (u) = T, (u) + TT (-- u) 
- iR$(u) Rz(u) ’ R6 (u) = T, (u) - T, (- 4 

T,(u) = 1.892 
(u &2.3i)(u + z*) il4 

(u f 0.416)(~ f 2.102)@ j= i@(6 q= iz#* 
u - CliD R=l 

Q*(u) = 
(u f 8.8i)(u f 9.8i) 

(ufz+)(ufz-)(uf13&)2 ’ ‘+ = 
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1.892 0 
A_= 0 (I 1.866 II 
A = 4.39, z+ = 1.283, z- --I 2.295, l3* = 0.5 + 0.115i 

ar+ = G, a = a+a- = 0.016 + 0.138i 

P*(u) = II”,’ P;(u)II’ G+(u) = 11; “-‘P;‘(“‘il 

G_(u) = II G(u) Ga (u) II Gal(u) Ga(4 ’ p& t”) = & fl (u - bk) 
Im Bk<o 

&2(u) = G2 n (u - Bd, PIa = i d&*-s Im @k>o S-;l 

4 

Gij (U) = 2 bij*U4-*, &ad, = 0.817 - 7.1593 
a=0 

b:l = biz = b;, = 0, b;% = - b& 

The coefficients bifs, pa, &,*, as+ are presented in the Table 1 

Rez 

Imz 

; 2 24 23’00-6’73 824-082 2’24 244 -011 -6’05 
s 0.70 7:29 1&a-3:93 2.54-0.40 0:53 0.00 -0.40 0144 Ilez 

a -6.14 0 16.12-0.73-19.60-0.91 6.14 7.16-21.34-0.70 

9 -5.61 11.01-0.33 -4.62--1.09 Imz 
-3,82-0.12-0.02 0.00-1.97, 

1 -0.04 6.24 5 0.04 73.78 
2 -0.29 47.59 6 -3.20 19.15 
3 -0.42101.49 7 -1.02 1.82 
4 -0.34133.25 8 -0.69 0.01 

1 -0.03 6.14 5 0.04 36.11 
2 0.02 34.43 6 0.15 6.36 
3 0.15 69.63 7 -;.3&I-$$ 
4 -0.26 75.22 8 . . 

Qualitative investigations permit the conclusion that vibrations frequencies exist 
for x = 2.70, Fig. 1, for instance, such that not only the amplitudes and phases of 

each of the waves change for stamp rotation through a small angle Acp but their quan- 
tity can also vary (increase or decrease by one). This is related to the dependence of 

the curves shown in Fig. 1 on Cp. The stresses at the stamp edges have a singularity of 
the form 

Qk @) - A (a f z)-‘/z+iv, z --, -+ a, k = 1,2 

v=sZ -l arcth (B / fC,C,) 

We note that the method elucidated for the solution of the system (1.1) is effec - 
tive for sufficiently wide stamps (for all a , in practice, because of selecting the pa - 
rameter b large). 

a. We shall use the method of singular integral equations for narrow stamps. Let 

us first clarify the structure of the kernel 
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h$j* (t) = S Aij* (U) eiUtdu 

by using (1.5). For example, let us consider k,, (t). Closing the contour CT in the 
upper half-plane for t > 0 as shown in Fig. 2, and selecting that branch of the func- 
tion (2.” + b2)‘/* which takes on positive values as z--t 00 , we have 

Rl(U)e’ut du = 2-fi 

m+1 s c~ I/u2+ b2 z l-09 (RI (u)(u” + ba)-wut) Iu+ &1= iA 
k=l 

Applying the Jordan lemma and expanding the function R, (u) into the simplest frac- 
tions , we consider one of the resulting integrals 

00 

s (ba ch2 z + ;“)-I e--bt oh zdz (2. 1) 
0 

(u=ibcoshz) 

It can be shown that 1 (t) satisfies a differential equation with the initial conditions 

I” (t) + 521 (t) = Ka (bt) (2.2) 

1 (0) = [-lb-’ (1 + ha)-“2 In (h + 1/l + ha), 3L = 5 / b 

I’ (0) = - ; (ba + 52)~‘s’, 

K. (3 is the Macdonald function. The possibility of a passage to the limit in 1 (t) 

). 
and I’ (t) as t -+ 0 and of differentiating 

under the integral with respect to the para- 

meter t > 0 for I (t) and tat0 >0 
for I’ (t) is shown by confirmations of the 
conditions of the appropriate theorem [6]. 

Knowing a series representation for 
K. (z) [‘I], it is natural to seek the solu - 

tion of (2.2) in the form 

Fig. 2 
1 (t) = .$j &ytk h t + k;drfl. 

k-0 

We obtain for ak and dk ( I# (4 is the l%ler psi - function) 
n 

a2n+a = - (2ni2)l k=O c 
(_ ,l)+_k (2k + I)!! b2kb2(nG!i 

(2kJII 2k+l ’ 

a2n+1 
=ao=O 

! n 
d2n+a = (2n + 2)! 

c 
(- l)n--h%(n-k) {- (4k + 3)(2k)! @+a + 

=o 
b2k (2k+l)lf 

(2k + 1)(2k)!! +*(lc+ 1)]> + (2n+2)! 
(- i)n+l 6sn+ed, 

n 2n 

d a,,+1 = ;;‘:;,, du do = I(O), dl = I’(O), n =O, 1,2,. . . 
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On the basis of the theory of residues we have for t > 0 

m+l 
kla* (t) = iBn 2 Rzl res (u’l& (u) eiut) Iu+ + 1 

[ - 1 , 5m+l = iA 

Evaluating the residues and expanding the exponentials in series, we obtain the follo - 
wing representations of the kernels : 

kjf* (t) = 2Cj 1 - Init/ +Fjj(t)l, izll 2 (2.3) 
kl,* (t) = iBlt big n t + F,, @)I 

the quantities Fj, (1) are representable as uniformly convergent series in all planes 

J’jj (t) = Si f$ss+a In 1 t 1 + sgo hjs 1 t 1’1 Fla (t) = sio eP1 

Inserting the representations (2.3) into the system (1. I.), setting x = ay, E = aq , 
introducing new unknown functions by the relationship 

Yl bl) II II II 
--‘I* - _-‘I¶ 

q WI) = AY (rl)t y (rl) = ya (q 1 A = -y- % * _I,* =a -_% -is, , -8, II 
and multiplying the system obtained on the left by A-l, we arrive at the system 

1 1 

s R(a(y--))~((rl)alrl=ng(y)-- s(a(y--))lV(rl)drl,Iy161 t2e4) s 
-1 -1 

R(t) = 
II g, (Y) g(Y)= g @) II - II 

R**(t) = - InItf ++signt, g*(y) = [1/G* X 

fl(4 - 1/G +- fa (ay)] (YB + Y&-l 

&c(t) = & IF11 (t) -I- Fsa (t) ‘T: in@rs (t)] I &a (t) = 

& [Fir (t) - Faa (41 

E=fsle,, ej = BCj"L, i=1,2 

Differentiating (2.4) with respect to Y and regularizing the system obtained according 
to Vekua [8], we arrive at a system of Fredholm equations of the second kind. For 
small U this system can be solved by successive approximations [9]. 

Therefore, the whole domain of variation of the parameter u turns out to be co - 

vered by using the methods elucidated. 

Notes. 1”. The results presented are carried over without difficulty to the general 
case of anisotropy. 

2”. The above is valid even for static problems for which the need to construct the 
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curves (Fig. 1) drops out and the form of (1.5) changes, 
3”. At present, packets of applied programs have been developed for the solution 

of a system of the form (1.3) and the computation of contact stresses by means of (1.4). 

The author is grateful to I, I. Vorovich and V. A. Babeshko for continuous attention 
to this research and for advice. 
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